
Math 374 – A Counting Problem

In class we discussed the following

Problem: In how many ways can we choose a set of 5 stones from among diamonds,

rubies, and emeralds?

We will solve this by considering an equivalent problem that comes up very often—that

of distributing indistinguishable balls into distinguishable bins.1

Suppose we have 3 bins, one labeled D (for diamonds), one labeled R, and one labeled E.

We want to count the number of ways in which we can distribute 5 balls into these 3 bins,

and we allow the possibility of empty bins. You can see that the answer will be the same

as the answer to our problem concerning the number of ways to choose 5 stones. For each

possible outcome, the number of balls in bin D represents the number of diamonds chosen;

the number of balls in bin R is the number of rubies, and the number of balls in bin E is the

number of emeralds.

Now, to calculate the number of ways to distribute the 5 balls into 3 bins, allowing empty

bins, we first consider an even simpler problem—the number of ways to distribute 5 balls

into 3 bins where no bin is allowed to be empty. That is, we now insist that each bin contains

at least one ball.

Now we have reduced the problem to a very standard one—counting the number of positive

integer solutions to the following equation:

x1 + x2 + x3 = 5.

That is, we insist that xi ≥ 1. The following diagram represents this situation:
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where each slot represents one of the 5 balls and each ∧ mark represents a position where

one of the barriers between bins could be placed. From among the 4 marker positions, we

will choose 2 places for the bin barriers. The number of slots to the left of the first barrier

will represent the value x1. So, for example,
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represents the choice x1 = 2, x2 = 1, x3 = 2, whereas

| |

represents the choice x1 = 1, x2 = 1, x3 = 3. The number of solutions is therefore the

number of ways to choose 2 barrier positions from among the 4 possible positions; that is,

1If you find my explanation too wordy or confusing, Sheldon Ross gives a similar explanation on pages 12–14
of the handout on counting that is now posted on our webpage. It is more concise.



C(4, 2). Note that here we had n = 5 balls and r = 3 bins, and the answer turned out to be

C(n− 1, r − 1).

Now we are ready to solve the original problem. Instead of insisting that each bin contain

at least one ball (i.e., xi ≥ 1), we want to allow the possibility that xi is 0 for some i. That

is, we want to count the number of nonnegative integer solutions to the equation

(1) x1 + x2 + x3 = 5.

This seems harder, but we can phrase it in terms of the previous version of the problem using

a simple change of variables. This problem is equivalent to finding the number of positive

integer solutions y1, y2, y3 to the following equation:

(2) y1 + y2 + y3 = 8.

where yi = xi + 1. We arrived at this equation by starting with equation (1) and adding 3

to both sides as follows:

(x1 + 1) + (x2 + 1) + (x3 + 1) = 5 + 3

Since each xi is at least 0, then each yi will be at least 1. We know how to find the number of

positive integer solutions y1, y2, y3 to equation (2). We use the formula we derived above using

the slots and marks and, in this case, n′ = 8 and r′ = 3, so the answer is C(n′ − 1, r′ − 1) =

C(7, 2). Notice that, relative to the original n and r, we have n′ − 1 = n + r− 1 and r′ = r,

so the general formula is C(n + r − 1, r − 1).

To summarize, the number of distinct nonnegative integer solutions to the equation

x1 + x2 + · · ·+ xr = n where xi ≥ 0

is C(n+r−1, r−1), whereas the number of distinct positive integer solutions to the equation

x1 + x2 + · · ·+ xr = n where xi ≥ 1

is C(n− 1, r − 1).

As a final remark, we note that (n + r − 1)− (r − 1) = n. Therefore,

C(n + r − 1, r − 1) =
(n + r − 1)!

(r − 1)!n!
= C(n + r − 1, n).

which explains why the expression C(n + r − 1, n) appears in our textbook.


