
Math 374 – A Question About Completeness

We discussed in class the following

Problem: Using the deduction rules described in the textbook, try to prove that the fol-
lowing wff is valid:

ϕ : (∀x)(∃y)(P (x, y) ∧Q(x, y)) −→ (∀x)((∃y)P (x, y) ∧ (∃y)Q(x, y)).

(We use “ϕ :” to indicate that ϕ is a nickname for the whole wff that appears to the right of
the : symbol on the same line.)

If you think about the statement ϕ, you will see that it is obviously valid. Indeed, the
antecedent says that for all x we can find a single y such that both P (x, y) and Q(x, y) hold,
while the consequent merely requires that for all x there is a y for which P (x, y) holds and
a (possibly different) y for which Q(x, y) holds. Do you see why the consequent is easier to
satisfy than the antecedent? (We get to use a different y if we want to.)

The textbook claims that the set of deduction rules it has provided us with (summarized in
Tables 1–3 of the Logic Rules handout) is complete. If this claim is true, then we must be
able to prove ϕ (assuming you agree with the paragraph above). However, a direct proof of
ϕ seems difficult.

I urge you to try to prove ϕ directly, using the deduction rules from the text like ui, ei,
ug and eg, and see where you run up against the restrictions on these rules. This is very
good practice.

If you were unsuccessful in your attempt to find a direct proof of ϕ, try proving it us-
ing the contraposition rule (see Table 2 of the Logic Rules handout). That is, first try to
prove the contrapositive of ϕ, which is

ψ :
[
(∀x)((∃y)P (x, y) ∧ (∃y)Q(x, y))

]′ −→ [
(∀x)(∃y)(P (x, y) ∧Q(x, y))

]′
Note that by the contraposition rule, we have ϕ⇐⇒ ψ, so if we can prove ψ we have proved ϕ.

To simplify ψ, use DeMorgan’s Law and the rules for negating universal and existential
quantifiers, and you will see that ψ is equivalent to

(1) (∃x)
(
(∀y)[P (x, y)]′ ∨ (∀y)[Q(x, y)]′

)
−→ (∃x)(∀y)([P (x, y)]′ ∨ [Q(x, y)]′)

Statement (1) is not too hard to prove using the deduction rules from our tables. I urge you
to try it.
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